Superfluid density of high- Tc cuprate systems: imphcation on condensation 
mechanisms, heterogeneity and phase diagram 
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Extensive muon spin relaxation (^SR) measurements have 
been performed to determine the magnetic field penetration 
depth A in high Tc cuprate superconductors with simple hole 
doping, Zn-doping, overdoping, and formation of static SDW 
nano islands. System dependence of ris/m* (superconducting 
carrier density / effective mass) reveals universal correlations 
between Tc and ris/m* in all these cases with/without per- 
turbation. Evidence for spontaneous and microscopic phase 
separation into normal and superconducting regions was ob- 
tained in the cases with strong perturbation, i.e., Zn-doping 
(swiss cheese model), overdoping, and coexisting magnetic 
and superconducting states (SDW nano islands). The length 
scale of this heterogeneity is shown to be comparable to the 
in-plane coherence length. We discuss implication of these 
results on condensation mechanisms of HTSC systems, re- 
sorting to an analogy with pure *He and *He/^He mixture 
films on regular and porous media, reminding essential fea- 
tures of Bose- Einstein, BCS and Kosterlitz-Thouless conden- 
sation/transition in 3-d and 2-d systems, and comparing mod- 
els of BE-BCS crossover and phase fluctuations. Combining 
the /xSR results on ris/m* and the pseudo-gap behavior, we 
propose a new phase diagram for HTSC, characterized by: 
(1) the T* line that represents pair formation; (2) disappear- 
ance of this line above the critical hole concentration x — Xc; 
(3) in the underdoped region between Tc and T* , there exists 
another line Tdyn which corresponds to the onset of dynamic 
superconductivity with superconducting phase fluctuations; 
and (4) the overdoped region being phase separated between 
hole-poor superfluid and hole-rich normal fermion metal re- 
gions. Finally, we elucidate anomalous reduction of super- 
fluid spectral weight in the crossover from superconducting 
to metallic ground states found not only in overdoped HTSC 
cuprates but also in pressurized organic BEDT and A3 Ceo 
fuUeride superconductors. 



I. INTRODUCTION 

Muon spin relaxation (/xSR) technique [1-3] has made 
significant contributions to studies of high- Tc supercon- 
ductors (HTSC). Measurements in transverse-fields (TF- 
/iSR) provide a reliable way to determine the magnetic 
field penetration depth A of type-II superconductors and 
to infer details of the flux vortex lattice, while measure- 
ments in zero-filed (ZF-/xSR) allow studies of static mag- 
netism, leading to determination of the phase diagrams, 
local spin structures, and volume fraction of static mag- 
netism. In this article, we provide a perspective view on 



development of these measurements in HTSC systems 
and their implications on condensation mechanisms, het- 
erogeneity and phase diagrams, focusing on the behav- 
ior of ns/m* (superconducting carrier density / effective 
mass). Since the parameter ns/m* in HTSC systems 
plays a role similar to the superfluid density in super- 
fluid He systems, we refer to it as "superfluid density" in 
the title and the text of this paper. 

In the following section. Section II, we start with the 
results of the penetration depth measurements of hole- 
doped cuprate systems, which exhibit universal correla- 
tions between and ns/m*. We discuss these correla- 
tions in terms of energy scales of superconducting carri- 
ers. Then, we look into the cases involving heterogeneity, 
i.e., (Cu,Zn) substitution and overdoping in Section HI, 
and systems with coexisting superconductivity and static 
magnetism, with the formation of magnetic nano-islands, 
in section IV. In all these cases, the superfluid density has 
a trade-off with the volume of non-superconducting re- 
gions created by perturbation and/or phase separation. 
We shall see that the universal correlations between Tc 
and the superfluid density ns/m* are followed not only by 
the simple hole doped cuprates but also by these HTSC 
systems with microscopic phase separation. 

Thin films of superfluid ''He and '^He/'^He mixtures 
represent another set of systems where the superfluid 
transition temperature Tc is strongly correlated with the 
superfluid density. In section V, we compare the results 
of HTSC systems with superfiuid He films in normal and 
porous media. 

Based on the correlations between Tc and Us/m* and 
the pseudogap phenomena in the underdoped region, 
some models/conjectures have been presented in terms of 
the condensation mechanisms of HTSC systems. To elu- 
cidate these models, in section VI, we will first consider 
differences and similarities among Bose-Einstein (BE) 
condensation, BCS condensation and Kosterlitz-Thouless 
(KT) transition. Then, wc will compare models of BE- 
BCS crossover and phase fluctuations, taking into ac- 
count relevance to the KT transition and distinction be- 
tween pair-formation and dynamic superconductivity in 
the pseudo-gap regime. We will also introduce a phase 
diagram involving phase separation in the overdoped re- 
gion in section VII, followed by a summary in section 
VIII. 
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II. CORRELATIONS BETWEEN Tc AND Ns/M* 
IN HOLE-DOPED HTSC 

In type-II superconductors, the external magnetic 
field, between Hd and Hc2, forms a lattice of flux vor- 
tices, resulting in inhomogeneous internal field distribu- 
tions. The width of this distribution is proportional to 
the muon spin relaxation rate a in TF-/;iSR, which is re- 
lated to the penetration depth A and ng/m* as 

(7 a = [47rn,eVc^] x [1/(1 + ^/l)] (1), 

as given by the London equation. In superconducting 
systems in the clean limit, where the coherence length ^ 
is much shorter than the mean free path /, the relaxation 
rate a is proportional to ns/m* . The inhomogeneity of 
the internal field is due to partial screening of the external 
field by the supercurrent. So, it is quite natural that the 
field width and a are proportional to the "supercurrent 
density" ns/m*, in the same sense as the conductivity 
of normal metals is proportional to nn/m*, where n„ 
denotes the normal state carrier density. 

Generally, TF-/iSR studies in type-II superconductors 
provide information on: (a) the temperature dependence 
of A; (b) absolute values of A at T ^ 0; (c) the co- 
herence length ^ via analyses of local field distribution; 
and (d) vortex lattice properties. Among these, use of 
single crystal specimens is essential in (a), (c) and (d). 
For example, early /iSR results of A on ceramic samples 
of HTSC systems mostly exhibited behavior consistent 
with isotropic energy gap, and it is only after studies of 
high-quality single crystal specimens that the d-wave na- 
ture was confirmed in temperature dependence of A. For 
details of (a), (c) and (d), readers are referred to refs. 
[3-4]. 

In contrast, the results on ceramic specimens have been 
very useful in comparing absolute values of ns/m* in dif- 
ferent systems. Ceramic specimens provide advantages 
over single crystal specimens in homogeneity of doped 
hole concentrations and in being less affected by crossover 
from the 3-d to 2-d vortex lattice. In this article, we shall 
focus on the system and doping dependence of the su- 
perfluid density, i.e., (b). In HTSC systems with a large 
anisotropy, the relaxation rate a measured in ceramic 
specimens is determined predominantly by the supercur- 
rent flowing in the conducting ab-planes [5]. Thus, the 
results of a from ceramic specimens should be regarded 
as reflecting the in-plane penetration depth \ab and the 
in-plane effective mass m*f,. 

Figure 1 shows a plot of a{T 0) versus Tc of various 
different HTSC systems [6-11]. In this figure, results from 
simple hole-doped HTSC systems [6,7] are shown with 
open symbols. With increasing hole concentration, Tc 
increases linearly with ns/m* in the underdoped region, 
and then shows a saturation. The slope of this linear re- 
lationship in the underdoped region is common to various 
different series of HTSC systems. These results have also 
been confirmed in several other /xSR measurements [12- 
16]. This observation alone already implies that Us/m* 



can be an important determining factor for Tc in HTSC 
systems. We also find in Fig. 1 that the ratios of Tc 
versus ns/m* for some other superconductors [17,18] are 
not quite far from the value for HTSC systems. 

If an independent estimate for the effective mass m* 
is available, the y^SR measurements give the supercon- 
ducting carrier density n.,. Then, one can calculate the 
number of carries existing in a region of coherence length 
squared on the conducting plane. For typical BCS su- 
perconductors, such as Sn or Pb, one finds more than 
10,000 pairs overlapping with one another in the tt^^ 
area. For superfiuid He, which is the well-known case 
for Bose-Einstein condensation, we find that each boson 
exist without overlapping with each other: i.e., one pair 
per TT^^. The systems following the linear relationship 
in Fig. 1 have 3 to 6 pairs overlapping within the tt^^ 
illustrated in Fig. 2. This feature encourages us 
to consider HTSC and some novel superconductors in a 
crossover from BE to BCS condensation. 

By knowing the average distance Cint between the con- 
ducting Cu02 planes, one can obtain Us^d/m* where Us^i 
denotes the 2-dimensional carrier density. We remind 
here that the Fermi energy cf of 2-dimensional electron 
gas is proportional to nnid/m* . Thus, we can consider 
f^aid/m* as a parameter representing kinetic energy for 
translational motion of superconducting carries. For 3- 
d systems without phase separation, in which n„ = rig, 
one can combine the muon relaxation rate a a ns/m* 

1 /3 

with the Sommerfeld constant 7(T = Tc) oc nn m* , 

1/3 

or Pauli susceptibility x{T = Tc) cx n„ to*, to deduce 

ep (X n'J'^ /m* . The "effective" Fermi energy tp obtained 
in this way does not necessarily correspond to the real 
Fermi energy in band structure calculations. Since 1/A^ 
corresponds to the Drude spectral weight in optical con- 
ductivity which condenses into a delta function at = 
below Tc, cf might also be called as a Drude energy scale. 

Figure 3 shows a plot of Tc versus Tp = tp/ks thus ob- 
tained from the results of ns/m* [7]. For AaCeo where a 
reliable value of I is not available, we used the clean-limit 
value oius/m* without corrections regarding^// [17,18]. 
We find that HTSC, organic BEDT [19], and some other 
systems [17-20] have very high and nearly equal ratios 
of Tc/Tp. The Tg line in this figure shows the Bose- 
Einstein condensation temperature for a non-interacting 
3-d Bose gas having the boson density ub = Ug/I and 
mass ms = 2m*. Compared to Tb, the actual transi- 
tion temperatures Tc of HTSC systems are reduced by 
a factor of 4 to 5. This reduction is natural in view of 
overlapping pairs which would reduce Tc, and in view of 
2-dimensional character of HTSC systems. However the 
parallel behavior of Tb and the observed results of Tc sug- 
gests that the origin of the linear relationship between Tc 
and ns/m* could be deeply related to BE condensation. 
Figure 3 serves as an empirical way to classify various 
superconductors in a crossover from BE to BCS conden- 
sation. 
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III. HTSC SYSTEMS INVOLVING 
MICROSCOPIC HETEROGENEITY: ZN-DOPING 
AND OVERDOPING 

A. (Cu,Zn) substitution 

When a very small amount of Zn is substituted for 
Cu on the Cu02 planes of HTSC systems, is reduced. 
Figure 4(a) shows the reduction of cr(T ^ 0) as a func- 
tion of Zn concentration c substituting in-plane Cu. The 
superfluid density riajm* decreases with increasing c. To 
account for this reduction, wc proposed "Swiss Cheese 
Model" [9] where each Zn is assumed to destroy supercon- 
ductivity in the surrounding region with the area tt^^^, 
as illustrated in Fig. 4(a). The solid lines in Fig. 4(a), 
which represent predictions of this model, are obtained 
just from c and deduced from the upper critical field 
_ffc2. without any Gtting to the data. Sufficiently good 
agreement between these lines and the observed results 
indicate that carriers within the tt^^j, area around each 
Zn no longer contribute to the superfluid density n^/m*. 
Subsequently, this picture was directly confirmed by Pan 
et al. [21] in Scanning Tunneling Microscopy studies, 
where the local density of states around Zn showed fea- 
tures characteristic to normal regions, as shown in Fig. 
4(b). These /iSR and STM results are consistent with the 
non-zero 7 term of the specific heat, which increases with 
increasing Zn concentration [22]. In the plot of a versus 
Tc in Fig. 1, the results of Zn-doped systems (closed tri- 
angle and star symbols) follow the trajectory of simple 
hole doped HTSC systems (open symbols). 

B. overdoping 

Tl2Ba2Cu06-(-<5 (T12201) systems have been exten- 
sively studied by various experimental methods as a pro- 
totype of overdoped HTSC systems. T12201 compounds 
have very small residual resistivity, which assures that 
the system lies well within the clean limit. To our sur- 
prise, with increasing overdoping from the nearly optimal 
Tc = 85 K sample, the relaxation rate a{T 0) in TF- 
/iSR decreased [8.15] as shown by the closed circle sym- 
bols in Fig. 1. This behavior is also shown in a plot of 
a{T — > 0) versus doping factor 6 in Fig. 5(a). In view of 
no anomaly in m*, the different behaviors of the normal 
state carriers n„ and the superfluid density n^/m* sug- 
gest that carriers are spontaneously separated into those 
which are involved in superconductivity and those which 
remain unpaired fermions, as illustrated in Fig. 5(a). 

By defining the "gapped" and "ungapped" responses 
in the specific heat measurements, as illustrated in Fig. 
5(a), we plotted the S dependence of the gapped response 
obtained from the data of Loram et al. [22] in T12201 in 
Fig. 5(a). The good agreement between the /uSR super- 
fluid density a{T 0) (closed circles) and the "gapped" 



response in specific heat (open symbols) provides a sup- 
port to our view [8,23] with spontaneous phase sepa- 
ration between superconducting and normal regions in 
overdoped HTSC systems. 

The volume fraction of the superconducting region can 
also be estimated from the "specific heat jump" AC. In 
BCS superconductors AC oc C„ oc 7nT, where C„ de- 
notes the normal-state specific heat, and 7„ stands for 
the Sommerfeld constant derived in the normal state. 
Then, in the plot of C/T versus T as in the inset of 
Fig. 5(a), one would expect that the specific heat jump 
AC/T should be independent of Tc, for systems having 
a common 7„ value. In Loram's specific heat results of 
T12201 [22], 7„ does not depend on doping, while the 
jump AC/T decreases with increasing doping. This ob- 
servation further supports decreasing superfiuid volume 
fraction with increasing doping (decreasing Tc) in T12201. 

Residual normal response in the overdoped cuprate 
was also found in measurements of optical conductivity 
[24]. Furthermore, we calculated an expected doping de- 
pendence of rig/m* based on a simple model assuming 
phase separation [23] (as described in section VII), and 
obtained a good agreement with the observed results in 
(Y,Ca)Ba2Cu30jy [25], as shown in Fig. 5(b). So far, 
there is no direct observation reported regarding the size 
of these phase-separated regions in overdoped HTSC. 



IV. HTSC SYSTEMS WITH STATIC SDW 
NANO-ISLANDS 

Magnetic order of the parent compound La2Cu04 of 
the 214 cuprates was first confirmed by ZF-/zSR mea- 
surements [26]. Figure 6(a) shows the time spectra 
obtained in the ZF measurements of antiferromagnetic 
La2Cu04 (AF-LCO) which has the N/'eel temperature 
Tjv > 250 K. As in most other magnetic systems, we 
find that muon spin precession sets in below Tjv, with 
the precession amplitude independent of temperature, 
while the frequency increasing with decreasing temper- 
ature as the sub-lattice magnetization builds up. In the 
La214 systems with the; hole concentration near 1/8 per 
Cu, incommensurate static spin correlations have been 
found by neutron scattering [27]. Time spectrum of ZF- 
liSR in Lai.875Bao.i25Cu04 (LBCO:0.125) [28] is shown 
in Fig. 6(b). In this case, we find a Bessel function 
line shape characteristic of ZF-/xSR in incommensurate 
magnetic systems [29,30], such as the one observed in 
(TMTSF)2PF6 [29]. 

La2CuO4.11 (LC0:4.11) is a system with oxygen in- 
tercalated in a stage-4 structure. This system is super- 
conducting with Tc = 42 K, which is the highest among 
the La214 family, while also exhibiting static incommen- 
surate magnetism below T/v = 42 K [31] This incom- 
mensurate modulation has a very long correlation length 
(> 600 A), as determined from a very sharp satellite mag- 
netic Bragg peak in neutron scattering results. ZF-/xSR 
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spectra of this system [10,32], shown in Fig. 6(c), has a 
Bessel-function hne shape, as expected for an incommen- 
surate spin structure. The amplitude of this precession, 
however, increases gradually below Tjv with decreasing 
temperature, while the frequency is almost independent 
of temperature below Tm- Furthermore, the amplitude 
of precessing signal at T ^ is less than half of that in 
LBCO:0.125 (Fig. 6(b)), which indicates that the static 
magnetism exists in less than a half of the total volume. 

In Fig. 7(a) and (b), we show temperature depen- 
dences of the volume fraction Vm of muons in the region 
with static magnetic freezing, derived from the precession 
amplitude, and the frequency v observed in LC0:4.11, 
(Lai.88Sro.i2)Cu04 (LSCO:0.12), LBCO:0.125 
and (Lai.475Ndo.4Sro.i25)Cu04 (LNSCO:0.125) [33]. In 
LC0:4.11 and LSCO:0.12, where superconductivity co- 
exists with static magnetism, the static magnetism is 
confined to a partial volume fraction. As shown in Fig. 
7(c), the temperature dependence of the neutron Bragg 
intensity in LC0:4.11 is consistent with the behavior of 
Vmi^^- Unlike usual magnetic systems, however, the T 
dependence is mostly due to the change of the volume 
fraction Vm- 

The internal field at the muon site in HTSC systems 
is due to dipolar field from neighbouring static Cu spins. 
Depending on the range of this field, the volume frac- 
tion of muons Vm subject to static field is somewhat 
larger than the volume fraction Vcu of frozen Cu spins. 
Figure 8(a) shows our simulation results for the relation- 
ship between Vcu and Vm for cases with incommensurate 
static magnetism in island regions having a radius R [10]. 
Here we see that about 70-80% population of static Cu 
spins is enough to create observable static fields at the 
sites of all the muons. Thus, our previous result [33] on 
Lai.45Ndo.4Sro.i5Cu04 (LNSCO:0.15), which is a super- 
conductor with Tc ~ IQK with Vm > 95% is still com- 
patible with a picture that superconductivity and static 
magnetism occur in mutually exclusive regions of Cu02 
plane. 

Although the relationship between Vm and Vcu is 
nearly independent of the radius R of static SDW islands, 
the damping rate A of the Bcssel oscillation depends on 
R, as shown in Fig. 8(b). By converting observed Vm 
into Vcu using Fig. 8(a), and then plotting observed A in 
Fig. 8(b), we find that our ZF-^SR results in LC0:4.11 
arc consistent with the island size i? ~ 15 - 30 A[10]. 
Note that this length scale is comparable to ^ab- This 
model of "static SDW nano islands" can be reconciled 
with the long range spin correlations found by neutron 
Bragg peaks, if we consider percolation of these islands 
via a help of interplaner correlations, as proposed in [10]. 

To study the relationship between the magnetic volume 
fraction Vcu and the superfluid density nsjm* ^ we per- 
formed /xSR measurements in (Lai.85-3/EuySro.i5)Cu04 
(LESCO) [11,34] where the concentration of doped hole 
carriers is fixed to 0.15 per Cu, while the magnetic vol- 
ume changes with increasing Eu concentration y. The 
volume fraction with static magnetism was determined 



by the ZF-/iSR, while na/m* was measured in TF-/iSR. 
The results shown in Fig. 9 clearly demonstrate a trade- 
off between Vcu and the superfiuid density ns/m* . This 
implies that superconductivity does not exist in the vol- 
ume which has static magnetism. 

In the plot of cr{T 0) versus T,. in Fig. 1, the results 
of these systems with static stripe magnetism, shown by 
the striped square symbols, follow the trajectory of sim- 
ple hole-doped and Zn-dopcd systems. This indicates 
that ns/m* is again a determining factor of in HTSC 
systems where superconductivity and magnetism coexist. 
We also note that the results in ovcrdopcd T12201 can be 
viewed as following a monotonic relationship between 
and the superfluid density, with the slope roughly com- 
parable to cuprates with/ without other types of pertur- 
bations. 



V. ANALOGY WITH SUPERFLUID HE FILMS 

Superfluid He films represent another set of systems 
where Tc is strongly correlated with the 2-dimensional 
superfluid density ns2d at T ^ 0. Using the published 
results, we made Fig. 10 [35] which shows correlations 
between Tc and ns2d/m* for *He fllms on Mylar sub- 
strate (open circle symbol) [36], on Vycor Glass which 
represents a porous media (star symbol) [37,38], as well 
as for ^He/^He mixtures adsorbed on fine alumina pow- 
ders (closed diamond symbol) [39] . The results on Mylar 
films show linear relationship, consistent with the behav- 
ior expected for the KT transition [40] (see next section 
for details) as indicated by the solid line. With the low- 
est level of perturbation, this case corresponds to simple 
hole-doped HTSC systems in comparison between the 
cuprates and He films. The results on Vycor Glass is 
analogous to the Zn-doped cuprates: in both cases some 
normal regions are formed as a "healing region/layer", 
while Tc is still strongly correlated with the superfluid 
density despite non-trivial geometry of the superfluid. 

Mixture of bosonic "^Hc and fermionic ^He liquids ex- 
hibits a phase diagram shown in the inset of Fig. 10. 
With increasing ■^He fraction, Tc decreases, being roughly 
proportional to the volume fraction of ''He. In bulk ge- 
ometry, the mixture undergoes macroscopic phase sepa- 
ration into *Hc-rich superfluid and '^He-rich normal fluid, 
the heavier superfluid existing underneath the lighter 
normal fluid in a container. This phase separation can 
be conflncd into a microscopic length scale by adsorbing 
the mixture onto porous media or fine powders [39,41], 
where superfluidity remains up to a large ^He fraction. 
The results for the "'Hc/'^He mixture in Fig. 10 exhibit 
a behavior very similar to that of overdoped T12201 in 
the cuprates in Fig. 1. In both the He mixture and 
the overdoped HTSC, inclusion of too many fermions 
(doped holes and ^He) results in microscopic phase sep- 
aration and reduction of both Tc and the superfluid den- 
sity. Thus, we find a remarkable similarities [35] in the 
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plot of Tc versus superfluid density in cupratcs (Fig. 1) 
and He films (Fig. 10) for the cases with/without per- 
turbation. 

Figure 1 shows correlations between Tc and 3- 
dimensional (3-d) superfluid density while Fig. 10 shows 
Tc versus 2-d superfluid density. By knowing the aver- 
age interlayer distance Cint between the Cu02 planes, we 
can generate a plot of Tc versus ns2d/m* for the cuprate 
systems. The resulting plot, Fig. 11, clearly indicates 
that in HTSC systems, Tc is higher for shorter Cj„f for 
a given 2-d superfluid density Usidlf^* [42]. This obser- 
vation is consistent with the variation of Tc reported for 
multilayer films with alternating layers of superconduct- 
ing YBaaCugOr (YBCO) and insulating PrBaaCusOr 
(PBCO) [43], as shown in the inset of Fig. 11. These re- 
sults indicate that the interlayer coupling is essential for 
obtaining higher Tc in HTSC systems. The observed vari- 
ation of Tc cannot be explained by the simplest version 
of KT transition where Tc should be determined solely 
by ns2dltn*. 

VI. CONDENSATION MECHANISMS 

A. BE and BCS condensation and KT transition 

Correlations between Tc and the superfluid density 
shown in Fig. 1 and Fig. 11 help consideration of con- 
densation mechanisms in HTSC systems. In BE con- 
densation [44] , the bosons are pre-formcd at a very high 
"paring" temperature Tp. At a given temperature T < Tp 
each boson has kinetic energy of fc^T, which defines the 
thermal wave length Xth representing the spread of the 
wave function of this boson due to the uncertainty prin- 
ciple. With decreasing T, Xth increases. When Xth, be- 
comes comparable to the inter- particle distance n^^^ , 
the wave functions of neighbouring bosons start to over- 
lap, as illustrated in Fig. 12(a). Thanks to the tendency 
of bosons to fall into the same state by building up phase 
coherence of wave functions, Bose condensation occurs at 

— 1/3 

T where Xth ~ . From this, we have the BE con- 

densation temperature Tb oc n'g^ /niB, where ub and 
TUB denote the density and mass of the boson. In this 
way, the superfluid density and Tc is directly related in 
BE condensation. 

In BCS condensation [45] , the energy scale of attractive 
interaction determines the energy gap and Tc- The effec- 
tive Fermi energy oc Vh!^ /m* is much larger than kTc 
in BCS condensation, i.e., there is a sufficient density of 
fermions above Tc- However, the system stays in the nor- 
mal state until the temperature is reduced to the pairing 
energy scale Tp, where bosons are formed. Once pairs are 
formed, their boson density is high enough at Tc-, and thus 
the condensation occurs immediately at Tc ~ Tp. In BCS 
condensation, Tc depends on carrier density through the 
density of states at the Fermi level which determines the 
strength of electron-phonon interaction. However, this 



dependence is rather indirect. Suppose we have a BCS 
superconductor with the carrier density n^. If the Debye 
frequency is doubled, Tc and the energy gap A would be 
doubled. However the carrier density stays unchanged, 
as can be found from the illustration of Fig. 12(b). This 
example shows that the superfluid density is not a direct 
determining factor for Tc in BCS condensation. 

Kosterlitz-Thouless transition [40] is a phenomenon in 
2-dimensional superfiuids / superconductors. The ele- 
mentary excitation of superfiuid He film is the formation 
of vortex anti- vortex pairs. The energy required for this 
is governed by the phase stiffness, which is proportional 
to the superfluid density. At the transition temperature 
Tkt, the thermal energy becomes sufficient to form un- 
bound vortices, which results in dissipation and destruc- 
tion of superfluidity / phase coherence. Thermodynamic 
arguments lead to the universal relationship between the 
2-d superfluid density at T = Tkt and the value of Tc as 
fcTffT oc ns2dl'm*{T = Tkt), which should be indepen- 
dent of material. This relationship was confirmed as the 
jump of the superfiuid density at the superfluid transition 
of He films [46]. 

B. Evolution from 3-d to 2-d 

Figure 13(a) illustrates evolution of various energy 
scales in superfluid He fllm and a thin film of BCS su- 
perconductor. The BE condensation temperature of He 
in the 3-d limit corresponds to the lambda temperature 
Tx = 2.2 K, which is close to Tb oc n^J^/m*, except 
for some reduction due to departure of real system from 
an ideal non- interacting Bose-gas limit. With decreasing 
film thickness d, Tc starts to change when the thickness 
becomes comparable to a few times the coherence length 
^ ~ Tig . For d < ^, Tc oc ns2d/m*. In superfluid He 
film on Mylar, the superfluid density at T — > is very 
close to that at just below Tc, as shown in Fig. 13(a). 
Thus the Kosterlitz-Thouless relation holds for ns2d at 
T — ^ 0, as can be seen in Fig. 10. Between Tc and 
Tx = 2.2 K, the order parameter exhibits phase fiuctua- 
tions, i.e., superfluidity is dynamic. The pair formation 
energy scale is much higher than Tc in He for any thick- 
ness value d. 

In a thin film of a BCS superconductor, Tc should show 

a similar reduction from the value Tcsd in the bulk 3-d 
system, when the film thickness becomes comparable to 
or smaller than a few times ^ in the clean limit (and I in 
the dirty limit), as shown in Fig. 13(b). The superfluid 
density ng/m* at T — > would follow a thickness depen- 
dence similar to that of Tc. Note that ris/m* is very large, 

as it is related to Tp oc nj^ jm* » Tc in the 3-d limit. 
There should be difference between nn/m* and ns/m* 
in the region d < ^ (or Z), due to difficulty in forming 
pairs in a restricted geometry. On the other hand, the 
general argument of KT relationship should still hold. 
This is possible only if ns2d/''n* at T = Tc for < ^ 
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is much smaller than na2d/'ni* at T ^ 0, as illustrated 
in Fig. 13(b). Therefore, the "jmnp" of the superfluid 
density at Tkt is practically invisible in a BCS thin film. 
For d < ^, the region < T < Tcm is characterized 
by phase fluctuations. However, the pair formation oc- 
curs at T ^ Tczd for any thickness. Consequently, bosons 
exist only below TcSd, as illustrated in Fig. 13(b). 

C. BE-BCS Crossover and Phase Fluctuation 
Models 

In 1989 [6] and 1991 [7], we suggested the relevance of 
BE condensation to the universal relationship between 
Tc and n^/m* in HTSC systems shown in Fig. 1 [6]. 
By combining this phenomenon with the pseudogap be- 
havior then observed by NMR and conductivity, we pro- 
posed a picture of BE to BCS crossover in 1993-94 [47,48], 
as illustrated in Fig. 14(a) [42,47,48]. General concept 
of the BE-BCS crossover has been considered earlier by 
several scientists [49] , including Randeria and co-workers 
[50] who adopted this concept to the interpretation of the 
susceptibility/NMR results for the pseudo gap. Within 
our knowledge, however, our proposal was the first to 
combine the results of superfluid density with the pseu- 
dogap behavior in the underdoped cuprates. As shown 
in Fig. 14(a), we regarded the pseudogap temperature 
T* as the pair formation temperature Tp. The reduction 
of the c-axis dc conductivity below T* can be interpreted 
as resulting from reduced interplaner tunneling probabil- 
ity for paired bosonic carriers having 2e charges, while 
reduction of magnetic suscc^ptibility can be attributed to 
the formation of a spin singlet bosonic (pairing) state in 
this picture. 

In 1995, Emery and Kivelson (EK) [51] proposed a 
model based on phase fluctuations, as illustrated in Fig. 
14(b). The BE-BCS model and the phase fluctuation 
model share many features in common. However, there 
are several important differences. Based on the linear 
relationship between Tc and the superfluid density at 
T ^ 0, EK presented arguments basically parallel to 
that for the KT transition in 2-d systems. They pointed 
out that Tc of the underdoped cuprates is determined 
by the energy scale for the phase fluctuations. In their 
picture, the entire region of pseudogap below T* is char- 
acterized by phase fluctuations. They argued that the 
2-dimensional aspect is essential for obtaining high T^. 

In order to calculate TJ""^ which denotes the energy 
scale for phase fluctuations to destroy superconductiv- 
ity, EK multiplied A^^ oc ns/m* to the interplaner dis- 
tance Cint for HTSC and some other 2-d systems. This 
is equivalent of obtaining ns2d/m* oc Tp in 2-d. For 3-d 
systems, EK multiplied ng/m* and the coherence length 
^, which leads to an energy scale much higher than Tp- 
This energy scale is unrealistically high, and irrelevant to 
condensation arguments. If one substitutes the interpar- 

ticle distance n^^^^ instead of ^, we recover Tp for 3-d 



systems. Then, Table 1 in ref [51] by EK becomes essen- 
tially equivalent to Fig. 3 of our 1991 paper [7], shown 
as a part of Fig. 3 of this article, where we plotted Tc 
versus Tp. We consider that the distinction between 2- 
d and 3-d systems by EK is an artefact resulting from 
the overestimate of T™"^ in 3-d systems. In general, the 
2-dimensional aspect does not help increasing Tc of any 
superconductor, as can be found in Fig. 13. 

Figure 15 shows the current estimates of T* from var- 
ious methods as plotted versus hole concentration. If 
the entire region below T* is supposed to have supercon- 
ducting phase fluctuations, as conjectured by EK, the 
situation is rather similar to a thin-film BCS supercon- 
ductor shown in Fig. 13(b). In contrast, if T* is solely 
representing the pair formation, as proposed in our BE- 
BCS crossover picture, and if there is a 2-dimensional 
aspect remaining in HTSC systems, there should be two 
different energy scales above Tc, as we discussed in ref 
[35]. They are the temperature Tdyn at which the phase 
coherence of bosons completely disappear and dynamic 
superconductivity vanishes, in addition to the tempera- 
ture Tp at which pairs are dissolved into fermions. This 
situation is similar to the case of He films shown in Fig. 
13(a). One of important differences between BE-BCS 
and EK conjectures lies in this point. 

D. Pair formation and dynamic superconductivity 

Since high-Tg cuprates have a highly 2-dimensional 
electronic structure, several experiments have detected 
the "dynamic superconductivity" existing above Tc- (1) 
In YBCO-PBCO films with a thick PBCO layers sepa- 
rating a single layer YBCO, Tc is reduced to 15-20 K. 
Between this temperature and the Tc ~ 90 K of the bulk 
YBCO, one observes reduction of the normal state con- 
ductivity, which follows the predictions of the Kosterlitz- 
Thouless theory [52]. (2) Corson et al. [53] measured 
dynamic superfluid response in underdoped Bi2212, and 
found that the response depends on the measuring fre- 
quency oj above a certain "branch-off" temperature To//, 
as shown in Fig. 16. Furthermore, the superfluid density 
ns/m* sXT — Toff agrees well with the universal value 
ns/m*{T — Tkt) expected for the KT transition. The 
critical temperature Tc, at which ns/m* = 0, increases 
with increasing w, suggesting that this phenomenon cor- 
responds to the "dynamic superfluidity" expected above 
Tc(a' = 0) and below Tdyn- It should be noted, how- 
ever, that Tdyn for the measuring frequency of 600 GHz 
is hmited to T < 100 K. 

These results indicate that certain cuprate systems 
with high anisotropy, such as underdoped Bi2212 and 
single-layer YBCO film, exhibit dynamic superconduc- 
tivity as expected from the KT theory. However, these 
results do not necessarily provide explanation to the ori- 
gin of the pseudo gap at T — T* , since Tdyn observed in 
Bi2212 is significantly lower than the pseudo-gap temper- 
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aturc T*. Namely, the phase fluctuations alone cannot 
explain the entire pseudo-gap phenomena. 

Dependence to an external magnetic field should be 
quite diS'erent if these two distinct energy scales above 
Tc correspond respectively to pairing and dynamic su- 
perconductivity. The former would not depend much 
on external fields, while the latter should be very sen- 
sitive to the field. Indeed, the pseudo gap below T* 
was found to be insensitive to the applied field in tun- 
neling measurements [54]. Recently, Lavrov et al. [55] 
found that c-axis conductivity shows negative magneto- 
resistance upon cooling at a temperature well below T* 
but above T^. This negative magneto-resistance may 
be due to the onset of dynamic superconductivity below 

The results of the Nernst effect [56], which appear in 
the underdoped region of La214 systems above Tc but 
well below T* can also be interpreted as possible evi- 
dence for dynamic superconductivity below Tj^yn- Other 
phenomena potentially related to this energy scale in- 
clude: (a) superfluid response of the ARPES coherence 
peak [57]; and (b) 41 meV neutron resonance mode [58]. 

Based on these considerations, we propose a new phase 
diagram, with two distinct lines of T* and Tdyn in the 
underdoped region as shown in Fig. 17. Note that the 
pair formation at T* is necessary for superconductivity in 
cuprates, but is not enough to support any phase coher- 
ence. It is only when the thermal energy scale becomes 
less than the energy scale representing the number den- 
sity of bosons that the phase coherence can set in. The 
onset temperature Tdyn of dynamic superfluidity repre- 
sents this energy scale. In highly 2-dimensional cases, 
one should further cool down below T^yn before achiev- 
ing long-range phase coherence at Tc. 



VII. EVOLUTION FROM SUPERCONDUCTOR 
TO NORMAL METAL 

A. phcise diagram for the overdoped cuprates 

In BCS superconductors in the clean limit, all the car- 
riers in the Fermi sphere contribute to superfluid. There 
should be no normal carriers remaining at T — > 0. There- 
fore, neither the BE-BCS nor the phase fluctuation pic- 
tures can explain the reduction of Us with increasing hole 
doping observed in several overdoped cuprate systems 
[8,15,25] described in section III-B. 

Tallon, Loram and co-workers [59] have noticed that 
the T* line may be heading towards T = at a "criti- 
cal hole concentration" around Xc ^ 0.19. /iSR studies 
of Panagopoulos et al. [60] show that static magnetism, 
either spontaneously existing or induced by Zn doping, 
disappears at x > x^. Generally, increasing hole dop- 
ing would tend to destroy magnetic interactions in the 
cuprates. 



Let us make the following three assumptions: (a) the 
paring in HTSC systems is due to a magnetic interaction; 
(b) the T* line represents the pair formation, and (c) the 
T* line disappears at a; = a;c. Then, no genuine supercon- 
ducting pairing exists in the overdoped region a.t x > Xc- 
However, if the energy loss for charge disproportionation 
is overcome by the gain of pairing and condensation ener- 
gies, the system can spontaneously phase separate into a 
"hole-poor" superfluid with the local hole concentration 
X < Xc and a "hole-rich" normal fermion region with 
X > Xc- If this phase separation remains microscopic 
with the length scale comparable to ^ab, we can expect 
superconductivity in the overdoped region, similarly to 
the case of ^He/^He mixture. 

The energy loss of charge disproportionation can be 
estimated following Coulomb blockade type calculation 
and/or formation of nano-islands serving as capacitor al- 
lays. Our crude estimate [23] shows that this energy be- 
comes comparable to paring/condensation energy gain in 
the cuprates. Based on these considerations, we proposed 
a phase diagram shown in Fig. 17, with phase separation 
in the overdoped region. As shown in Fig. 5(b), the 
doping evolution of the superfluid density n^, calculated 
using this model [23] , shows a good qualitative agreement 
with the observed results. We also note that this model 
can reproduce a very sharp temperature dependence of 
ris/m* and Hc2 at T ^ found in the heavily overdoped 
region of T12201 [8,15,61]. 

Tallon and Loram [59] presented a view that the ex- 
istence of superconductivity in the overdoped cuprates 
at X > Xc, where the T* line does not exist, implies 
that the magnetic interaction below the T* line is not 
required for superconductivity but rather is a compet- 
ing factor which weakens superconductivity. The present 
model with phase separation provides an alternative view 
where the pseudogap phenomena, as a necessary factor 
(pair formation) for superconductivity, can be compati- 
ble with superconductivity in the overdoped cuprates. 

B. analogous cases in other systems 

In HTSC cuprates, as well as in 2-d organic (BEDT- 
TTF)2-X and 3-d AsCgo superconductors, superconduc- 
tivity appears in the vicinity of the insulator to metal 
transition. Superconductivity is taken over by a pre- 
sumably Fermi-liquid metallic state by increasing car- 
rier doping in cuprates, or by application of chemical 
and/or external pressure in BEDT and A3 Ceo- In all 
these cases, we expect that the normal state spectral den- 
sity (or Drudc weight) n„/m* to increase in the process 
towards a simple Fermi liquid. We showed that the su- 
perconducting spectral weight decreases in this process 
for the case of cuprates. 

We performed magnetization measurements of the in- 
plane penetration depth in (BEDT-TTF)2Cu(NCS)2 un- 
der applied pressure [62], and found that ng/m* decreases 
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with increasing pressure as shown in Fig. 18(a), contrary 
to the behavior of n„/m* found in quantum osciUation 
measurements [63]. This system is known to be well in 
the clean limit. These results indicate that not only in 
cuprates but also in BEDT, the crossover from super- 
conducting to metallic ground state is associated with 
anomalous reduction of the superfluid spectral weight. 

Similar behavior is also seen in A3 Ceo systems. As 
shown in Fig. 1 and Fig. 18(b), the muon relaxation rate 
cr(T — > 0) measured in A3C60 decreases with decreasing 
lattice constant [17,18], in the approach towards a simple 
metallic state. In view of rather large residual resistiv- 
ity in the normal state, the results for these fuUerides 
might be subject to correction related to the mean free 
path. However, the un-corrected raw data indicate that 
1/}? again shows anomalous reduction when the system 
approaches presumably a simple metallic ground state. 

These three systems exhibit similar phase diagrams: 
superconductivity appears in the evolution from mag- 
netic and insulating ground state to presumably simple 
Fermi liquid state; in BEDT systems, a pseudo-gap like 
behavior near the magnetic phase was found in suscep- 
tibility. These features suggest a possibility that the 
anomalous results in the overdoped cuprates may be a 
generic behavior shared by a wider range of supercon- 
ductors based on correlated electron systems. We note 
that all these systems follow the universal linear relation- 
ship in the plot of Tc versus na/m* , with approximately 
the same slope as shown in Fig. 1 and in ref. [62]. 

VIII. SUMMARY 

In this paper, we showed that Tc in HTSC cupratc 
systems exhibits universal correlations with the super- 
fluid spectral weight ng/m*, for the cases of simple hole 
doping, as well as for more complicated cases with Zn- 
doping, overdoping and static SDW nano island forma- 
tion, where the system undergoes spontaneous phase 
separation between siipcrconducting and normal regions 
with the length scale comparable to the in-plane coher- 
ence length. Robustness of this relation for the case 
with/ without perturbation is analogous to the case of 
superfluid ^He and *He/^He mixture films in non-porous 
and porous media. In all these cases, the superfluid den- 
sity is the determining factor for T^. This is the basic 
feature of BE condensation. 

By slightly revising the BE-BCS crossover picture, we 
have proposed a new phase diagram for the cuprates 
which has (a) two separate lines of T* and T^yn above 
Tc in the pscudogap state in the imderdopcd region, (b) 
disappearance of the T* line at the critical hole concen- 
tration Xc, and (c) phase separation in the overdoped 
region. In this model, the T* line represents pair forma- 
tion, whereas the Tdyn line corresponds to the onset of 
dynamic superconductivity. Low dimensionality prevents 
formation of long-range phase coherence between T^yn 



and Tc- We also noted anomalous reduction of the super- 
fluid spectral weight na/m* in the overdoped cuprates as 
well as in the 2-d organic BEDT and 3-d fuUcride super- 
conductors, when the system approach simple metallic 
ground state. 
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Relaxation Rate ct(T->0) [/xs ^] 



FIG. 1. A plot of the superconducting transition temper- 
ature Tc versus the relaxation rate cr(T — »• 0) at low tem- 
peratures (proportional to the superfluid density Us/m*) for 
several high- Tc superconductors [6-11], and fuUcrides A3 Ceo 
[17,18]. The results with the "stripe square" symbols rep- 
resent points from LESCO ([11]), LSCO:0.12, and LCO:4.11 
([10]) in the order of increasing cr(T — > 0). To account for 
difference between results for ceramic and single-crystal spec- 
imens, the values for a for LC0:4.11 and LSCO:0.12, observed 
with their c-axis parallel to the external field, were multiplied 
by 1/1.4. 
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FIG. 2. Schematic view of overlap of pairs / bosons in 
(a) BCS superconductors, (b) supcrfluid ^He, and (c) HTSC 
cuprate systems. The circles represent the size of the pair, 
whose length scale is given by the coherence length. We esti- 
mate that about 3 to 5 pairs are overlapping with one another 
in the HTSC systems. These results suggest that HTSC sys- 
tems lie in crossover from BE to BCS condensation. 
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FIG. 3. A plot of Tc versus the effective Fermi temperature 
Tf obtained from the muon spin relaxation rate a{T — > 0) 
(in combination with the average interlayer distance Cint for 
2-d systems, and with the Sommerfeld constant 7 for 3-d sys- 
tems) in various superconductors [7]. The broken line denotes 
Bose-Einstein condensation temperature Tb for a given boson 
density ns/2 and mass 2m*. 
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FIG. 4. (a) Muon spin relaxation rate a oc ns/m* 
at T plotted as a function of Zn concentra- 

tion on the Cu02 plane in YBa2(Cu,Zn)3 06.63 (123) 
(closed circle), Lai.85Sro.i5(Cu,Zn)04 (closed diamond), and 
Lai.8Sro.2(Cu,Zn)04 (star symbol), together with the esti- 
mate of "Swiss Cheese model" illustrated in the top figure 
[9]. In this model, carriers in the shaded region around each 
Zn impurity do not contribute to the superfluid. (b) The 
local density of states (LDOS) profile obtained by Scanning 
Tunneling Microscope by Pan et al. in Bi2212 around a Zn 
impurity [21]. The bright spot in the center corresponds to 
high density of states in the normal region, while the dark 
profile are from superconducting region with a gap in LDOS. 



FIG. 5. (a) Muon spin relaxation rate a{T — > 0) oc ns/m* 
(closed circles) [8] and the "gapped" response 7^ in the lin- 
ear-term of the specific heat (open circles) [22] as a function 
of oxygen concentration in Tl2Ba2Cu06+« (T12201). The 
broken line illustrates a projected variation of n„/m*. (b) 
Doping dependence of (t{T — > 0) oc ns/m* observed in 
(Y,Ca)Ba2Cu30y by Bernhard et al. [25] (closed circles) 
and the superfiuid density ns{T — > 0) calculated for a sim- 
ple model with microscopic phase separation in overdoped 
cuprates [23], as illustrated in the top figure. 
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FIG. 6. Time spectra of ZF-/iSR measurements in (a) an- 
tiferromagnetic La2Cu04 (AF-LCO), (b) Lai.875Bao.i25Cu04 
(LBCO:0.125) and (c) stagc-4 La2CuO4.11 [10]. In AF-LCO, 
the oscillation amplitude below Tjv > 250 K does not de- 
pend on T, while the frequency increases with decreasing T, 
reflecting build-up of sub-lattice magnetization. This is the 
behavior observed by /itSR in most of uniform ferro or anti- 
ferromagnotic systems. In LBCO:0.125 [28], wc sec a Bcsscl 
function form at T = 5 K, which is expected for the system 
with incommensurate static magnetism developed in the full 
volume fraction. In LC0:4.11, the ampUtude of the osciflat- 
ing and relaxing signal varies with T without much change 
in the frequency. The volume fraction of regions with static 
magnetism is less that a half even at T — > [10]. 



> 



c 
o 



o 
o 



'co 
o 

c 
o 



N 

X 



O 

c 

CT 
CD 



100 

80 
60 
40 
20 



_(a) 




6 



— e © 

*o AF-LCO 



•- * 



A LNSC0:0.13i 

■ LBCO:0.125 

• LC0:4.11 

o LSC0:0.12 - 



— 



*--t * 1 l-^l. 



2 - 



> 

N 




8 

6 

4 

2 





-(b) 



\ \ 
J ^ 



(c) 



1 

f 



T 



T 



□ E.= 13.7meV 

o E.=5.0meV 
1: I L 



Q 



Q 



C 
3 



10 20 30 40 50 

Temperature (K) 

FIG. 7. (a) Volume fraction of muon sites with a 
static magnetic field larger than ~ 30 G and (b) fre- 
quency of the precessing signal in La2CuO4.11 (LC0:4.11) 
and Lai.88Sr().i2Cu04 (LSCO:0.12) ([10]), compared with 
the results in Lai.875Bao.i25Cu04 (LBCO:0.125) [28], 
Lai.47Ndo.4Sro.i3Cu04 (LNSCO:0.13) [33], and antiferromag- 
netic La2Cu04+5 (AF-LCO) [26]. The broken lines are guides 
to the eye. (c) Comparison of the neutron Bragg peak inten- 
sity Ib in La2CuO4.11 (LC0:4.11) [31] with those expected 
from the /iSR results (present study) as Ib oc Vy, x . /iSR 
and neutron results are scaled using the values near T ^ 0. 
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FIG. 9. Muon spin relaxation rate a{T 0) due to super- 
conductivity observed in transverse-field /iSR measurements 
using ceramic specimens of Lai.85-j/EuySro.i5Cu04 (LESCO) 
by Kojima et al. [11], plotted against the volume fraction of 
static Cu moment Vcu at T — > determined by zero-field 
/iSR. The trade-off of these two parameters clearly demon- 
strates that superconductivity and static magnetism occur in 
mutually exclusive volume, as illustrated in the top figure. 



FIG. 8. (a) Computer simulation results for the volume 
fraction of muon sites with a static magnetic field larger 
than ~ 30 G as a function of the volume fraction of the sam- 
ple containing static Cu moments, Vcu- (b) The relaxation 
rate A of the Bcsscl function oscillation, obtained by fitting 
the simulation results with Eq. 3, plotted as a function of 
Vcn- Comparison with the experimental results for LC0:4.11 
(Raw data A4.11 shown by an open star symbol and corrected 
data A4 11 by a closed star symbol) allows estimation of the 
size of magnetic islands to bo about _R 15 — 30 A. The as- 
terisk symbol * shows the relcixation rate A expected for the 
sandwich model. See ref. [10] fore details. 
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FIG. 10. Superfluid transition temperature Tc of He films 
adsorbed on regular (Mylar) [36,37] and porous (Vycor glass) 
[38] media and *He/^He films on fine Alumina powders [39], 
plotted against 2-dimensional superfluid density at T — > 0, af- 
ter converted to the corresponding 2-dimonsional Fermi tem- 
perature [23,35]. Inset flgure shows the phase diagram of bulk 
■^He/^He mixture. 



FIG. 11. Transition temperature Tc of HTSC cuprate su- 
perconductors plotted against the 2-dimensional superfluid 
density ns2d/m* obtained by multiplying the /iSR relaxation 
rate a with the average interplaner distance dnt between ad- 
jacent Cu02 planes [41]. The inset figure shows variation of 
Tc with dnt in multi-layer films of YBCO/PrBCO stacked 
long the c-axis direction [43] 
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FIG. 12. (a) A schematic illustration of Bosc-Einstein 
condensation, which occurs when the wave functions of 
neighbouring bosons, with the spread given by the thermal 
de-Broghe wave length At/,, start to overlap. In this case Tc 
is directly related to the number density of bosons, (b) Fermi 
sphere and the energy gap in BCS superconductors. If one 
doubles the Debye frequency, the energy gap A and Tc would 
be doubled, while the superfluid density (all the carriers in 
the Fermi sphere) would be unchanged. 



17 



Superfluid He film 




^~n-l« d ^-n-l« d Tkt T 



BCS thin film 




FIG. 13. Variation of pair- formation temperature scale Tp, 
the onset temperature Tdyn of superfluidity / superconductiv- 
ity, the transition temperature Tc, and the superfluid density, 
as a function of film thickness d expected in (a) superfluid He 
film and (b) a thin film BCS superconductor. Also shown are 
temperature dependences of the superfluid density in the 2-d 
limit where the film thickness is comparable to or less than 
the coherence length 
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FIG. 14. Phase diagrams describing (a) the Bose-Einstein 
to BCS crossover picture proposed for HTSC systems by Ue- 
mura [47,48,42] and (b) the phase fluctuation picture pro- 
posed by Emery and Kivelson [51] 
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FIG. 15. Variation of the pscudogap temperature T* and 
the superconducting transition temperature Tc, as a function 
of carrier doping, observed by several different experimental 
methods in the Y123 and Bi2212 systems. 
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FIG. 16. Temperature dependence of the superfluid density 
observed in underdoped Bi2212 systems by high-frequency ac 
conductivity measurements of Corson et al. [53] with several 
different measuring frequencies. The broken line shows the 
universal relationship between the superfluid density at Tkt 
and the Kosterlitz-Thouless transition temperature Tkt- 
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FIG. 17. A phase diagram for HTSC cuprates which in- 
volves (1) vanishing of the T* line at a critical hole concen- 
tration; (2) T* representing energy scale for pair formation; 
(3) existence of onset temperature T^yn for dynamic super- 
conductivity with phase fluctuations (dotted line), and (4) 
microscopic phase separation in the overdoped region, as il- 
lustrated in the inset figure. 



^ 



o 
t 




1 2 

Pressure [kbar] 




14.5 14.4 14.3 14.2 14.1 14.0 
Lattice Constant [A] 



FIG. 18. Variation of the superfluid density (closed circle), 

obtained from the penetration depth as 1/}?, and the corre- 
sponding normal state spectral weight nn/rn* (open circles) 
in (a) organic 2-d superconductors (BEDT-TTF)2Cu(NCS)2 
under applied pressure [62,63], and in (b) the alkali doped 
fuUeride A3 Ceo superconductors with varying size of alkali 
atoms A [17,18]. The behavior of ri„/m* is inferred from that 
of 1/m* in quantum oscillation studies [63] in (a), while the 
inverse of the density of states at the Fermi level [63] in A3 Ceo 
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